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Since the development of a radiating electron model by Dirac in 1938 [P. A. M. Dirac, Proc.
R. Soc. Lond. A 167, 148 (1938)], many authors have tried to reformulate this model of the
so-called “radiation reaction”. Recently, this effect has become important in ultra-intense laser—
electron (plasma) interactions. In our recent research, we found a way of stabilizing the radiation
reaction by quantum electrodynamics (QED) vacuum fluctuation [K Seto et al., Prog. Theor.
Exp. Phys. 2014, 043A01 (2014); K. Seto, Prog. Theor. Exp. Phys. 2015, 023A01 (2015)]. On
the other hand, the modification of the radiated field by highly intense incoming laser fields
should be taken into account when the laser intensity is higher than 10?> W/cm?, which could be
achieved by next-generation ultra-short-pulse 10 PW lasers, like the ones under construction for
the ELI-NP facility. In this paper, I propose a running charge—mass method for the description
of the QED-based synchrotron radiation by high-intensity external fields with stabilization by
the QED vacuum fluctuation as an extension from the model by Dirac.

Subject Index A00, A01, J25, J29

1. Introduction

With the rapid progress of ultra-short-pulse laser technology, the maximum intensities of these
lasers have reached the order of 102> W/cm? [1,2]. If the laser intensity is higher than this, strong
radiation may be generated from a highly energetic electron. Accompanying this, the “radiation
reaction”, the feedback from radiation to an electron’s motion, can have a strong influence on
electrons in plasmas [3]. One of the facilities that can achieve these regimes, Extreme Light
Infrastructure—Nuclear Physics (ELI-NP), will feature two 10 PW (approximately 10%* W/cm? at
tightest focus) class lasers [4—6]. At these intensity levels, the radiation reaction must be taken
into account in the laser—plasma experiments carried out. The original model of the radiation
reaction, described by the Lorentz—Abraham—Dirac (LAD) equation [7], has a significant mathe-
matical difficulty, an exponential divergence dw/dt o exp (t/19) — oo, called “run-away” [7,8].
Here 1y = €2 /6n80m0c3 = 0(10~2* sec), where my, ¢, and t denote the rest mass, the charge, and
the proper time of an electron. In my previous research, I succeeded in performing the stabilization of
this run-away in the quantum electrodynamics (QED) vacuum fluctuation [8—10]. The last form of my

equation was
dwh e
= — ny 47224 . 1
= prave g [3"" + ngo (""" ] wy (1)
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The vector space V' denotes the set of vectors in Minkowski spacetime (A%, g).! Defining V'

as the dual space of VM4, the Lorentz metric g € *Vut @ *V* has a signature of (+, —, —, —),
forVa,b € Vi*, guva”b’ = a’b, = a®° — a'b! — a*b* — a®b® € R. w is the 4-velocity defined
by w=dx/dt = y(c,v) € Vi*. The field § = Fox + FLaD € Vm* @ V*, Fox € Vi* @ Vi
is an arbitrary external field, in our case generated by lasers. The field acting on an electron
Fiap € Vm* ® Vi is the radiation LAD field:

moty (d*wh Mdzw”
= | —w —-w .
x=x(1) ec? dr2 dr2

2

FLap™"|

Since n = O(K3), the limit # — 0 in Eq. (1) derives from the equation of motion modw" /dt =
—eg" w,, the so-called LAD equation. fj and gg are Lorentz-invariant functions depending on the
QED vacuum model. In the case of the Heisenberg—Euler vacuum [11,12], fo = (FIT) =F§ WSWZ
and go = 7/4 x (§1*F) = 7/4 x F,.,, ("$)*" [8-10]. These works suggest that the QED vacuum fluc-
tuation (i) stabilizes the LAD field and (ii) behaves well, since Eq. (1) agrees with one of the major
references proposed by Landau and Lifshitz [10,13].

On the other hand, it is considered that the dynamics of an electron should be corrected in the
highly intense fields produced by 10 PW lasers, by QED-based synchrotron radiation. In this physics
regime, it is often discussed in terms of the parameter y € R, representing the field strength [14]:

3 e [
X= Emocz _gMerXMfeXU’ (3)

where the Compton length - = hi/moc. When one considers this in the rest frame, y = 3/2 x

|Eex |rest/ E'schwinger- Here, Eschwinger = mo?c3 /el is the critical field strength of light, namely the
Schwinger limit. Therefore x represents the external field strength or the intensity by using the
ratio with this limit. By using QED-based synchrotron radiation with this x dependence, I. Sokolov
et al. [14] proposed the following radiation reaction model:

dp"

dxy, | 710g(x) B
I —ely g T Wgaﬂfexafex " “4)
dxt 1 i
= g (o= (5)
T mo mo

We will refer to this as the QED—Sokolov equation/model since the function ¢(x) depends on the
QED cross-section of synchrotron radiation with r,, = r/(1 — xr):

1 -
a0 =23 [ [ [ ks 4 e K (rx):| : ®)
87 Jo Ty
Equations (4)—(6) incorporate the modification of the QED radiation spectrum into the model [14].
In the low-intensity field regime, y << 1, then g(x) ~ 1. This limit converges to the result of
the Landau-Lifshitz equation [13]. On the other hand, in the case of x ~ 1, which means a
10?2 W/em?-class laser and a GeV electron, ¢(x) ~ 0.2. So, the function ¢(x) modifies radiation
from the classical to quantum high-field dynamics. However, the QED—Sokolov equation violates the

! A% is the 4D affine space. The linear subspace of A* should be Vy*.

2ForVA, B € V' ® V%, (A|B) = A, B"".

3 For dW/dt|classic = —T0/ Mo X gup fex” fox? as classical radiation energy loss (the Larmor formula), the
QED-corrected formula becomes dW/dt|wigh Field = q(x) % dW/dt|ctassic [14].
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Lorentz invariance, (dx" /dt)(dx, /dt) = ¢?, which should be satisfied under classical dynamics; we
should recover this requirement when we consider the classical-relativistic equation of motion.

It is natural to consider that the difference in the radiation field between classical dynamics and
QED is the alteration of the source (current) term in Maxwell’s equation. When we consider QED
effects for the radiation reaction in the framework of classical dynamics, we need to insert a mod-
ulation of the charge—current density for describing the QED-based radiation field. In this paper,
I discuss the general method of the model adaptation from the modified radiation field Fyioq-LAD
in high-intensity external fields (such as laser) to the field propagation in QED vacuum with new
degrees of freedom such as the extension from Refs. [9] and [10]. By a combination of these, we can
find the anisotropy of the coupling factor K € Vum* @ Vu* @ Vi ® Vi between an electron and
fields, which is a unique dynamical behavior predicted by this new model:

70 M = —iﬁ””aﬁ(Fexaﬁ + Fuod-.ap™ ) w,.
(Sect. 3.3/Appendices A) 4T mo

g

1) FLAD = FMod-LAD (Sect. 2-1)] 3 &
2) QED vacuum (Sect. 2.2)

To demonstrate this scheme, I will first introduce the new functions E and ® for the modification
of the LAD field in the high-intensity external field. By using them, I will derive the modified-
LAD field Fyjod-Lap corresponding to the QED—Sokolov equation (Sect. 2.1) and correct the field
Fex + Fumod-LaDp by QED vacuum fluctuation (Sect. 2.2). To simplify this, [ perform it by field propa-
gation in a Heisenberg—Euler vacuum in Sect. 3. We reach the conclusion that the new equation agrees
well with the QED-Sokolov equation with the relation (dx* /dt) (dx, /dt) = ¢* and the anisotropic
coupling between an electron and fields.

2. Modification by high-intensity field

In this section, I discuss the general method of how to treat the field § € Viy* ® Viu* acting on
an electron: §*¥ = 8"V (F&ﬂ + FMod_LAD“ﬁ ) By using this field, we can obtain the equation of
motion of an electron.

2.1.  Introduction of running charge and mass

In ultra-high-intensity fields, the coupling (charge) of an electron to fields may be modified due to
the alteration of the current from classical dynamics to QED. This formulation has been discussed by
I. Sokolov et al. and was introduced above as Eqgs. (3)—(6) [14]. Finally, they formulated the following
interesting relation:

2
T0|High Field = ¢ (X) X 70 = q(x) X pFop——E (7)
TTEGMOC
where 1 is the constant in Eq. (2), 79 = e2/6nsomoc3 = 0(1072* sec), and ¢ty describes the

order of the classical electron radius. Equation (7) suggests that the coupling e?/mq should
be replaced by ¢(x) x e?/myg. It seems that Eq. (7) means the replacements of the charge
e > ¢ =e x /q(x)andthe LAD field Fiap — F{ op = v/q¢(x) X FLaD since Fiap = O(e), but
this is not correct. If we accept this replacement, dw" /dt = —e'/mq x (Fexl“’ + FLAD“”) w, =
—e/mo x [q(x) x Fex™ +q(x) x FLap"”]w, and the term of the external force
— [e X W] /mo x Fex" w, appear in the equation of motion. However, this term should be
just —e/mqy x F& w, for describing the incoming background field F.x (see the QED—Sokolov
equation (4)). In the case of making the replacements e = ¢’ =e x g(x), FLap = F{ \p =
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q(x) x FLAD, and mg = mo’ = mqy x g(x), it follows that dw" /dt = —e/mo X [Fex"" + q(x) x
Frap"’]w,, which is very similar to the form of the QED—Sokolov model in Egs. (4)—(5). There-
fore, this requires us to set the running charge and mass for the realization of QED-based synchrotron
radiation like in the QED—Sokolov model.

Following the above idea, I pass to a more general discussion. The requirement for the modification
of radiation is that the charge and mass of an electron should also be running. We introduce the new
non-zero functions &, ® € C*(R) satisfying ¢(x) = o /©®. Then, we can find the replacements

3

of e > eHigh Field = € X & and mq = myjgh Field = mo X © with Eq. (7), 1o = e? /6 egmoc’ >

70 |High Field = €High Field2 /61 €0MHigh Fieldcs- The two functions E and ® should be the Lorentz
invariants.

From here, we again try to derive the equation of radiation reaction with the running charge
€High Field and the running mass my;gn Field under high-intensity fields and also demonstrate the rela-
tion E = ® = ¢(x) asaplausible candidate. For the realization of QED-based synchrotron radiation,
we borrow the result from QED, Eq. (6). At first we consider modification of the LAD field for adopt-
ing the QED synchrotron radiation. The equation of an electron’s motion and the Maxwell equation

with €High Field and MHigh Field become:

awh

MHigh Field(f)? = —eHigh Field (T)Shom’ " Wy (3
o

8, F™ = —cpg / A7 ettign ieia (7') w” (') 8% (x' — x (¢')). ©)
—0oQ

Here, Fhom € Vm* ® Vi? is the homogeneous solution of Eq. (9). The solutions of Eq. (9) are the
retarded and advanced fields [7,15]:*

Fretuv| — 3m0t0 ACL, w” wud(va) /OO d(St(S(ST)
x=x(1) 4 ec? dt dt —00 87|
2= 2
m()‘L’() d“(Ewh) w’ d (Ew” )wﬂ (10)
2 dTZ dTZ
pow| o 3mon[d@Ewh o Ld(Ew) /°° PISLICLY
X—X(T) 4 ec d‘[ d'[ —00 |5T|
moto [d? (Bw*) ,  d*(Bw") "
B b . 11
+ ec? [ dt? v dt? v (o

Following Dirac’s ideas, “the radiated field = (Fre((x) — Fagy(x))/2” [7], we can obtain the modified
LAD field:

2 = 2 o V
moTo [d (Bw*) , d°(Bw )w“:|

wv = — -
FMOd-LAD ‘x:x(f) - ecz dfz v dtz
2moto dE (dw aw’
= j7ay - —w" - "
— Ex Fiap |x=x(r) el o w e wh ). (12)

*The derivation of this field is based on Ref. [15]. By using the Green function Getagy (x,x’), the
solution of Maxwell’s equation (9) is Apqaa’ (x) = —ecpo [0, dT'E (T)) w” (t') Gretaav (%, x (7).
The field equations (10)—(11) are derived from the relation Freqaav™’(x) = —ecpio f_oooo dt' 8
[w” ('C/) o — wH (r/) 8"] G et adv (x, X (t/)) at the point x = x (7).
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We find that this field avoids the singularity of ffooo détd(6t)/ |6t|. When the factor E — 1,
the field Fyog.Lap — FLaD smoothly. Defining the homogeneous field §hom = Fex + FMod-LAD €
Vum* ® Vi?, the equation of an electron’s motion, Eq. (8), becomes as follows:

my—— = —€—W S‘V(E)Mvwv. (13)

Here §(z) = Fex + E X FLaD € Vm* @ Vit Next, we proceed to the demonstration of the rela-
tion E = ©® = ¢(x). At first, we assume that this equation includes the terms of the QED—Sokolov
equation. Assuming that the variation of E is very slow, the orders of magnitude of E and ® are
the same, then we obtain E/® x |tgd E/dt| << 1. Equation (13) cannot be solved by the same
reason as run-away on the LAD equation due to the term of the second-order derivative, the so-
called Schott term? moto/(1 —2EO X 1pd E/dT) X clzw/dr2 € Vf(/[. For estimating E and ©, we
use perturbation as the method by Landau—Lifshitz [13] with the definition p = mow € Vum*:

dp" e C) g2 1 &2
i v A 0, A1
= - Fox <®pv + 70 ) guifex” | + m(z)cz _® 8oxfex fex' D
-2 0 =2 g=
e B dFeMt e B“dE ’
——T)— —2—10— — Fe'™*Y +0(T), 14
mo 'O dr LT Tmpl@2dr 0 (1

where we can find Eq. (7), t0lnigh Field = B2/ x 19 = q(x) X 70, and the direct radiation term
T0q(X)/ Mo X gap fex” fox? p*.% This direct radiation term also appears in the QED-Sokolov
equation (4). For fitting the QED—Sokolov model as mentioned at the beginning of this section,

E=0 (15)

is required since —e/mg x Fex"’ [E/® X py + TOQ(X)gvAfex)\] = _e/mOFex'uv[pv + t0q (x)
gua fekx] should be satisfied. The final term on the LHS of Eq. (14) vanishes since 22/©2% x
|[tod E/dt| = |todq(x)/dt| << 1; the difference between Eq. (14) and the QED—Sokolov model
is just —e/mg x [roq( X )dF e /dt] po. However, we know that this term (the approximation of
the Schott term in the LAD equation) also vanishes in many numerical tests. Therefore, the relation
E = © = g(x) should be satisfied for describing QED-based synchrotron radiation in the equation
of motion. Inserting these relations, Eq. (13) becomes

awt 1
mo = —¢
dt 1 —21

—= T wy. (16)
dt
Equation (16) is one of the methods for the radiation reaction with QED synchrotron radiation; how-

ever, it suffers from the run-away problem. I also present the method of stabilizing the singularity of
the field § = Fex + Fumod-LaD before considering the equation of motion in the next section.

2.2.  Stabilization by QED vacuum fluctuation

In Sect. 2.1, I modified the LAD field by introducing the running charge epigh Fietd = € X &, to
obtain the modified LAD field Fyod-1.AD € Vm* @ V*. In the following section, we consider how

5 The Schott term in the LAD equation is motod?w/dt? € V™.

® The direct radiation term in the LAD equation is m07gqs (dwa /d7)(dw’ /d r) w e V.

’ Equation (16) derives dpu/dt = —E/m() X Fexlw [pv + TOq(X)gU)\fexx] + TO‘](X)/m()zcz X g@)\fexo
fox" P — e/mo x 10 (X)dFex"? JdTps — 2e/mg x Todg(x)/dT Fo™ p, + O(10%), the quasi-QED—Sokolov
equation.
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to stabilize the field Fnom = Fex + Fumod-LaD € YM* ® Vm* € Vi* ® Viy*, which is the homoge-
neous solution of the source-free Maxwell’s equation (9). At first, the field Fyod-LaD satisfies the
source-free Maxwell’s equation 0, FlC[Zd-L AD = 0.8 Replacing Fi ap by Fuod.1.AD using the method
of Ref. [10], we can find the homogeneous field Fhom = Fex + FMod-LAD . at an observation point far
from an electron. The field dresses the vacuum polarization during the field propagation; §hom repre-
sents the already “dressed” field [8—10]. Here we need to derive the undressed field § € Vm?* @ Viu?
acting on an electron for substitution into Eq. (8). The general dynamics of the propagating field is
described by

1
L ((3'3) ’ <S|*S>) = _% (S15) + LQuantum Vacuum (<S|S> s <S|*3>) . (17)

Here, LQuantum Vacuum 15 an undefined Lagrangian density for the QED vacuum fluctuation. The
important remark is that this Lagrangian density is applicable only to describing the field propagation
in the spacetime without any field sources. By solving this, we can obtain the following Maxwell’s
equation:

1
3y [3‘” + —M‘“’} =0. (18)
CcEQ

Equation (18) is the Maxwell’s equation for the source-free field, § + M/ceo, M € Vy* @ Vi
being the polarization of the vacuum [9,10]:

LM = _f x5 — g x T (19)
ceg
aL uantum vacuum
nf ((313) (31"3)) = 40— : (th) (20)
aL uantum vacuum
ng (313), (31"3)) = dpo— : (th) . 1)

Here, n = 4o W3 eg /45m04c3. § + M /ceg refers to the dressed-field set of (D, H). In addition, the
following Maxwell’s equation also holds: 9, §hom"*" = 0. Thus, the solution of Eq. (18), § + M/ceo,
connects to (D, H) = §hom = Fex + FMod-LAD With continuity and smoothness with C°® at all points
in the Minkowski spacetime:

Y —nf x Y —ng x T = Fpom"" | (22)

Via algebraic treatment, we can solve Eq. (22) for §:

_ (1 - nf)ghom/w +ng (*%hom)uv
(I =nf)?+ (ng)?

(see Ref. [10]). We propose the following equation of motion for a radiating electron in high-intensity

i

(23)

fields coupling with Maxwell’s equation (18):

awt v
MHigh Field (T )F = —CHigh Field (T)§" wy. (24)
¥ From the Maxwell’s equation 9, Flu, .4, = po [—ec [, dT'E(n)w" (¢') 8* (x' — x (1)) ], we can define

the field Fyog.Lap”” = 1/2 (Fre” — adv’”)/ 2. See Egs. (10)—(12).
® When 9, Fox ™" = 0, the following are satisfied: (Fey| Fey) = 0 and (Fey|* Fey) = 0.
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Rewriting Eq. (24) with the relation E = © and following Sect. 2.1, we can get the form

awt _ _ € [(1 - nfO)ghomlw + ngO(*Shom)w)] w (25)

dt  mg (1 = nf0)* + (ng0)>

(see Appendix A). Here, fo= f( (Shom|Shom) » (ghoml*gh0m>) and go = g( (Shom|Shom)>
(Thom| ™ Shom) ) Introducing the new tensor

(1 —nfo) x gheg" + ngo x HyehvoP

gl = : (26)
(1 = nfo)* + (ng0)?
the equation of an electron’s motion briefly becomes
awt e
F = _m_oﬁuvaﬂghomaﬁwv . (27)

To mimic Sokolov’s model, the function E should have the dependence & — 1 in the low-intensity
limit converging to Eq. (1).

3. High-intensity field correction under the first-order Heisenberg—Euler vacuum

In this section, we consider Eqs. (25) or (27) with the Heisenberg—Euler model for the QED vacuum
fluctuation. After derivation of the equation of an electron’s motion, we demonstrate the stability of
this equation and perform numerical calculations on it. We choose the relation ® = E = ¢g(x) in
this section; however, we describe it by using E for the extension in Sects. 3.1-3.2.

3.1. Equation of motion
The familiar model of the QED vacuum was represented by Heisenberg and Euler [11,12]:
233, 2
ok €0 2
LQuantum Vacuum = L the lowest order of = REn. 4. [4 <S|3>2 +7 (3'|*8'> ] . (28)
Heisenberg—Euler 360mg*c
The Heisenberg—Euler Lagrangian basically presents the dynamics only for the constant field. If a
more general Lagrangian for any fields exists, that generalized Lagrangian includes a component of
Eq. (28), since the constant field should be one of the behaviors of the general Lagrangian. In this
section, I assume that we can apply Eq. (28) for the field propagation as in Ref. [10]. In this case, the
functions fp and gg are

fo = (Shom|Thom) = (FMod-LAD|FMod-LAD) + 2 X (FMod-LAD| Fex) (29)
80 = ZT <3h0m|*ghom> = % <FM0d-LAD|*Fex) (30)

and we transform Eq. (25) like:

aw" _ € (1 = 7 (Shom|Fhom)) Shom"” + 47_177 (Shom " Shom) (*Shom)ﬂv W, G1)

dc. mo (1= 1 (Bhom|Fhom)? + (27 (Shom|*From))
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We can find the singularity when ngop = 0 and 1 — nfp = 1 — n{(Shom|Shom) = 0 in Eq. (31). From
the condition of the low-intensity limit, 1 — nfo > 0 must be required for avoiding the singular point:

277 — . 2 277E 2
= ﬂfo = 2.2 X [m()‘l,’o (L'LV + ZGV) - eEeX] }rest +1- Zex
ee ¢ rest
2 physical
-1 277E26x requir;ments 0’10 (32)
¢ rest

where I have employed (Fumod.LAD| FMod-LAD) = —2 (moTo/ec)® x (v + 2'8\'7)2 lrest < O
0 (ForsalFer) = 2070 /ec? x (S5-+285) - Bobr, - 20/ = (52 % 10°5)

(Eex / Eschwmger)z‘res with the definition of the Schwinger limit field Eschwinger = m02c>/h.
Normally, the relation [Eexlrest << Eschwinger 18 satisfied. Considering an extreme condition
like |Eexl|est = O (ESchwinger), the coefficient of (Eex / ESChWinger)z’reSt being smaller than unity,
1 —nfo > 0, should hold; this is a requirement for avoiding the instability and for taking into
consideration the high-intensity fields.

3.2.  Rum-away avoidance

In the original radiation reaction model, the LAD equation has an instability called the “run-away”
solution, diverging exponentially even in the absence of an external field. This mathematical prob-
lem is also called “self-acceleration”. A new equation is required to hold the stability and we need
to understand the size of the dynamical range to which we can apply it. We assume the condition
of Eq. (32) in the following analysis. For instance, I rewrite the equation of an electron’s motion,
Egs. (25) and (31), as

aw* . (1 —nfo) x [fexu - eFMod—LADlwwv] + ngo(* fex)"
dt (1 —nf0)* + (1g0)*

with the definition of the forces fiy = —eFex* w, and (* fo )" = —e (* Fox)** w,. Here, we follow
the two-stage analysis used in Ref. [10]. At first, we check the finiteness of the radiation energy due

mo

: (33)

to the possibility that run-away comes from infinite radiated energy. In the second stage, we proceed
to the asymptotic analysis proposed by F. Rohrlich for investigation after release from the external
field [16].

In the first stage, we obtain the modified Larmor formula dW/dt = —mot0Egup (dw“ / d r)
(alw’3 / d r) by the replacement 7o > E x 1¢!! for the estimation of radiation power from Eq. (33):

2.2 2.2
o dwtaw’ w8 S (L—nfo nfo+ 255 (1= nfo) (ngo)’
motoEgyy ———— = 5 ¥
todr. Mo [(1 = nfo)” + (180)°]
4 T0E guv[ (1 —nfo) fex" + ngO*fexM][ (1 —nfo) fex” + ngO*fexv]
5 .
mo [(1 = nfo)* + (ng0)*]
(34)
Considering invariances in the rest frame, fp= —2 (moro / ec)2 X [moro (EV + 2EV) —
2 7. —- N
€Eex] st + 2Eex2/ czirest =0 (azvfest) and go= 7m01'0/ ec X (av + 2av) - Bex|rest =

10 The subscript “rest” means the values in the rest frame.
' Of course, the well known Larmor formula is dW/dt = —mqtoges (dw® / dt) (dw’ [ d7).
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O (EVrest). When the dynamics becomes run-away by infinite energy emission by light, | EVyeg| —
oo. In the run-away case, O (|go|) < O (| fol) is obviously satisfied. We use this relation under the
condition of Egs. (32) and (34) (the details can be found in Appendix C):

dw" dw” | run—away 708 e2c? [n/o] 08 2e2c? 1 (nfo)?
drdr| T mo 20 (—nf)? mo Tn 1-nufo (I—nfo)

n 08 |8uvfexﬂfexv| 210E  [nfol X |g,uvfexM (*fex)v|
mo  (1—nf)®>  mo 1=nfo  (1-nfp)’

[nfol ‘g,uvfexli (*fex)v|
A=nf*>  1=nfo
The functions 1/]1 — x|, 1/]1 —x|%, |x|/|1 — x|, and |x|*/|1 —x|* are finite in the domain
x € (—o0, 1). When we choose x = nfy < 27 Eo2 02‘ < 0(1079) below the Schwinger limit,
x is included in this domain. In these conditions,

moTo Eg;w

(1]

T
LD

(35)
m

(=]

rest

aw —_ dWI“L dw” run—away (36)
— = —moTEg———— < O0.
ar RS

As such, the possibility of run-away due to the infinite energy emission of light was avoided in

Eq. (36).
Next, we proceed to the asymptotic analysis. For this analysis, we need to take the pre-acceleration
form. The form of Eq. (33) is as follows:

(1 - Ufo) fex“ + ngo (*fex)u
motoE  dw® dwP

— n
dwt I el P + (I = nfo) 5 8ap w
mo (1) = ef’“ dt =5 c _ dt drt (‘L'/)
dr t T (I =nfo) E
-t/ ” / T 7 I T " (UXO)Z
x ¢ = x e 2AME@-IE)] = dr =0 x ef" S T 37

Here, we have employed the parameter t, < 7. Now we consider the acceleration dw/dt at the
infinite future, T — oco. Following Rohrlich’s method, the acceleration converges to zero when the
external field vanishes at T — oo. In this limit, the dynamics becomes the classical limit £E — 1 due
to the absence of the field (x = 0), lim, .o g(x) = 1. Therefore, we can obtain the limit of Eq. (37),

dwh Mmoo dw® dw”

_ 180 I
mod_-g(oo) = fex!(00) + T—nfo x (* fex)" (00) + 2 8B wh (co)
moto & dw® dwP M
= Q, ’ 38
2 B dt drt w (OO) ( )

by using I’Hopital’s rule at 7 — o0.!? The finiteness of Eq. (36) is important for the constant velocity,
otherwise dw/dt (00) = oo. After this procedure, we can follow the method of Ref. [10]. Finally, we
can get the limit of the acceleration of an electron:
lim M =0. (39)
=00 dT
This is just the requirement for the avoidance of run-away proposed by Rorhlich [16]. My model also
satisfies dw/dt (00) = 0 after release from the external field. In the above, we could demonstrate that

the new Eq. (33) does not become run-away under the condition of Eq. (32).

12 For any function f, lim [ 4T f (r’)/e_f; 4"%% = lim f(o).
T—>00°T 0 T—00
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Fig. 1. Setup of the laser—electron “head-on collision”. The laser photons propagate along the x axis. An
electron travels in the negative x direction.

3.3.  Calculations

Finally, we present the numerical calculation results with other radiation reaction models. Employing
the relation & = ¢(x), Eq. (33) becomes

dw _ (1—nfo) x [fex" +q(x) x fran"1+ ngo ¢* fe)"
dr (1 = nfo)* + (g0)* — 270 (1 — nfo) %

where §y(y) = Fex + q(x) FLap. We have performed the calculation of Eq. (40) with the follow-
ing models: the Seto I model, which is Eq. (1) [10], the Landau—Lifshitz model [13], classical
Sokolov [17], and QED—-Sokolov [14]. In addition, we call Egs. (25), (33), (40) “Seto I1I”. I have
assumed the case of a head-on collision between the laser photons and an electron as the initial
configuration of the simulations (Fig. 1). We used the parameters of the Extreme Light Infrastructure—
Nuclear Physics (ELI-NP) [5,6]. The peak intensity of the laser is 1 x 10?2 W/cm? in a Gaussian-
shaped plane-wave like Egs. (28), (29) in Ref. [10]. The pulse width is 22 fsec and the laser
wavelength is 0.82 wm. The electric field is situated in the y direction, the magnetic field is in the z
direction. The single electron travels in the negative x direction, with an initial energy of 600 MeV.

, (40)

mo

The numerical calculations were carried out in the laboratory frame.

The time evolution of an electron’s energy shows the typical behavior of the radiation reaction,
as shown in Fig. 2. The energy of an electron drops from the initial energy of 600 MeV. Depending
on the models, the final energies of the electron converge to two separate levels. The first group
includes the Seto I, Landau—Lifshitz, and classical Sokolov models near 165 MeV. The second group
is the QED—Sokolov and Seto Il models, starting around 260 MeV. The difference between these two
groups obviously depends on the function g (). At this laser intensity and electron energy, x runs
from 0 to 0.3 in this case. Figure 3 presents the graph of ¢ (x).

The following is satisfied: Todg(x)/dt = O(107>) (see Fig. 4) and also nfo = 1 (Fhom| Fhom) =
0(10~%). Therefore, 1 — nfo —2t0dg(x)/dt ~ 1 in this case. In the head-on collision between
the laser photon and the electron, ngo = 7/4 X 1 (Fhom| *Thom) = 7moT0q(x)/ec X V + Bex|rest = 0
since the initial condition limits the electron’s motion on the x—y plane and Bey in the z direction.
Rounding the invariance 7 fy into 1, Eq. (40) is reduced as follows:

n
1 — 1 (Fhom| Shom) — 270 dt 07ar
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Fig. 2. The time evolution of an electron’s energy. The final electron energies are Seto I, Eq. (1): 166.5 MeV;
Landau-Lifshitz: 165.3 MeV; classical Sokolov: 165.3 MeV; QED—Sokolov: 259.0 MeV; and Seto 11, Eq. (40):
262.5 MeV. The insets are close-ups of the figure.

0 2 4 6

X

Fig. 3. The function of ¢(x). In this calculation, the domain is x € [0, 1].

T,da(x)/dT

=h
120 130 140
Time [fsec]

Fig. 4. The function of todq(x)/dz.
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Since Eq. (16) is valid, we can derive the quasi-QED-Sokolov equation by using perturbation!? from
Eq. (40). The convergence between the Seto 1, Eq. (40), and QED—-Sokolov, Egs. (4)—(6), models
appeared for this reason. The difference in the final energies between the two groups depends on the
invariant function E = g (x), Igep = q(x) X Icassic < Ljassic- - From the theoretical point of view,
the new equation (40) can satisfy both the relation (dx* /dt) (dxu/dr) = ¢? and pupt = mo2c?3
at any time. On the other hand, in the classical/QED—Sokolov model, (dx" / dr) (dxu / d‘L’) £ c?

and p, p" = mo’c? (see Eq. (4))]. This is an algebraic difference between the two models.

4. Conclusion and discussion

In summary, I have updated my previous equation of a radiating electron’s motion by considering the
high-intensity fields and QED vacuum fluctuation. The field § acting on an electron was modified
by the following method:

1) FLAD — FMod-LAD (Sect. 2.1)} 3)E=q00) dwh

= e
= = —— 8" 8 (Fex®® + Froarap™) wo.
2) QED vacuum (Sect. 2.2) at (Fex Moa-LAD") Wy

(Sect. 3.3/Appendix A) 4T mo

The external high-intensity fields modify the emitted field from an electron. The QED vacuum
fluctuation stabilizes the “run-away”. The mathematical treatment in the derivation of the new
equation was based on our previous papers [9,10]. At first, I assumed the parameter replacements
€ = eHigh Field = ¢ X & and mq — my;gh Field = Mo X © in the high-intensity field for taking the
QED-intensity correction into the formula. In the low-intensity limit, the invariants satisfy 8, ® — 1.
The source term of Maxwell’s equation was deformed, and depending on this replacement, the LAD
field was modified from Fyap to Fumod-LaD (Sect. 2.1). The field §, which acts on an electron in the
QED vacuum fluctuation, should satisfy the following equation:

S = nf x Y —ng x *FH = Fex™' + Fumod-Lap™’ | (42)

Then we get the following new equation of motion of an electron including the radiation reaction:

dWM e
- = __ﬁuvaﬂghomaﬁwu , (43)
dt mo
or the explicit form:
M _ _i [(1 —nf0) ghomlw + ngo (*%hom)uv] wy (44)
dt mo (1 = nfo)* + (1g0)*

Here, the definition of the homogeneous field §hom 1S Shom = Fex + FMod-LaD (Sect. 2.2). And,
we have employed the relation € = ® = ¢g(x) from QED-based synchrotron radiation. From the
analysis, the following relation must be satisfied for the stability of this equation in the Heisenberg—
Euler vacuum [11,12]: 1 — 2n Eexz/ cz}rest > 0 (Eq. (32) in Sect. 3.1). Under this condition, we
could demonstrate the run-away avoidance by using the Réhrlich method [16] (Sect. 3.2), and we

could perform a numerical calculation for checking the difference between the proposed models.

13 “Perturbation” means the replacements dw/dt — f.,/mo on the RHS of Eq. (40) [13].
14 Letassical = — dW/dT|classical = —MoTo8ep (dw“/dr) (dwﬁ/df)’
By =mow = modx/dt € Vyu* for my new model.
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The results showed the dependence of ¢ (), the correction in high-intensity fields being the essen-
tial difference between the models (Sect. 3.3). This equation only requires that the field strength of the
external field is smaller than the Schwinger limit. Of course, this equation also maintains the invari-
ance (a’x” / dx™ ) (dxﬂ / d r) = ¢?, which the QED—Sokolov equation cannot satisfy. In the results of
the numerical simulation and analysis, the proposed Egs. (43) and (44) can include the dynamics of
the QED—Sokolov equation (4)—(6) as long as we choose the relation 2 = ® = g(x).

We introduce the measure of an electron’s mass m(x) and an anisotropic electron’s charge €(x) €
Vum* ® Vit ® Viu* ® Viy* following Ref. [10]:

dWM o of
dm(x)F:_dQE (xﬁ(x)ghom Wy. (45)

The Radon-Nikodym derivative [18] should be d€"' o5 /dm = epigh Field/ MHigh Field X K" g,
depending on the invariance E. The anisotropy of charge &(x) comes from the polarization of the
QED vacuum. This effect is a unique dynamics that the QED—Sokolov equations (3)—(5) do not
include. This Radon—Nikodym derivative d €/dm is the “QED vacuum filter of fields” between the
dressed and undressed fields [10].

In the Heisenberg—Euler vacuum [11,12] (Sect. 3.1), we can find the limit of the photon energy
(as in Ref. [9]). From the limit 1 — 2Eey” / c2|rest > 0, the field strength should satisfy |Eex |5t <
Eschwinger With the definition of the Schwinger limit Egchwinger = mo2c3 / eh. On the other hand, the
limit of the photon energy comes from the expansion of the Heisenberg—Euler action integral [9]:

[ sl e (319 (51°5)
3.2

1 2h VB Bk
—— [t )+ [t (4319 + 7 (5175 + 0 ((g“—) )

360mo*c mo?>c?
(46)

For this expansion, 2g,,, fikiaser” Pkradiation” <4 X RWlaser X Mradiation /¢ <mo?c? = (0.5MeV/c)?.
In the numerical simulation of the head-on collision, we used a laser wavelength of 0.82 pwm, equiva-
lent to 1.5 eV; therefore, the maximum radiated photon energy is Awyadiation < O (10 GeV) [9]. These
are the phenomenological limits of Maxwell’s equation in a QED vacuum, in the proposed model.
Exceeding this limit is equivalent to breaking the QED vacuum with electron—positron pair creation
by energetic photons.

Finally, we discuss the experiments for checking radiation reaction models. In this paper, we have
used the plausible relation E = ¢(x), which converges the dynamics to Sokolov’s equation [14].
Under 79d E /dt << 1 for a simplification, we can observe the radiated field from an electron:

Fumod-Lap™” ~ E x Frap™'. 47)

E can round the QED effects into the classical dynamics via Eqgs. (8)—(9) by the present proposal.
We may find the relation Fyog.ap™” ~ [¢(x) + 8q] x FLap"", where §g denotes the alteration
from the synchronization. In this case, we shall go back to the equation

dwh — enigh Fietd (1 — 1f0) Thom" " wy + 180 (*Tnom)™" wy
dr _mHigh Field (1 —nfo)* + (ng0)?
_ ¢ B (1= nf0) Shom" wy + 180 (*Thom)"" wy 48)
mo © (1 = nf0)* + (ng0) ’
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before putting the relation & = ©. The relation Eq. (47) is replaced by Fyod-Lap™” ~ E/O X
Fiap™ = [q(x) + 8q] x FLap"’. Since QED-based synchrotron radiation is the general electro-
magnetic interaction between an electron and the external fields, we can assume E = ¢g(x) from
the main discussion in this paper. Hence, ® = E/[¢(x) + dq] ~ 1 — 8q/q(x) is estimated. For
example, one of the candidates for this effect is non-electromagnetic interactions like the Poincare
stress, which is introduced by the inner structure of an electron for the stabilization of its electro-
magnetic mass [19], so we can also extend this model to unknown non-electromagnetic interactions.
Since d@“”alg/dm = eHigh Field/mHigh Field X 8"V qp = e/mo x E/O x K"V, represents a QED
coupling correction between an electron and radiation in high-intensity fields, the investigation
of E and ® will become more important for the radiation reaction acting on an electron in
ultra-high-intensity fields.
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Appendix A. Details of the derivation of the equation of motion, Eq. (25)

Here we derive the undressed field § € Viy* @ Vy* from Eq. (23):

(I = nf) Fhom™” + ng (*ghom)‘w
(1 —nf)* + (ng)? '

= (A1)

The definitions of the invariant function f and g are Egs. (20) and (21). We can expect the form of
T = Fnom”” + (8 X )Fnom"” + (8 X 62) (“Fnom)”" - (A2)

We assume that the parameter § satisfies the relation |§| << 1. The functions 6 and 6, depend on §.
This relation leads to the expansion of the invariant functions:

f (<S|g> ) (3’|*3’)) =f (<3’h0m|{§hom> > <Shom|*1§’hom)) +48 x ®f (A3)
8 ((Sl%) ’ (3'|*3'>) =8 ((3h0m|3h0m) ’ (Shom|*ghom>) +4 x ®g- (A4)

For instance, we introduce fO = f ((ghom|ghom> s <ghom|*ghom>) and 80 =8 (<3h0m|{§hom> 5
(Shom|*Shom)). By using these equations, Eq. (A1) becomes

(1 —nfo—nd x ®f) ghomuv + (ﬂgo +né x ®g) (*Shom)lw
(1 = nf0)* + (1g0)°

x i e |:2®f — 20 (f0O; + 200g) — 18 (O 4% + ®g2)}n
n=0

3 =

(1 — nfo)? + (ngo)?

(1 — 1f0) Thom + 180 (“Fhom)"" + O (nd)
(1 = nfo)* + (ngo)*

(A5)
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By neglecting the terms of O (18),'6

1-— * v
Suv _ ( 1/0) Shom j‘ ngo ( S;om) (A6)
(I = nfo)” + (ngo)
with the definition as follows:
Shom = Fex + FMod-LAD> (A7)
2 (2l 2 =
w _ moto [ d7 (Ew") d” (Ew")
Fyfod-LAD = — o2 [ 472 w" — d72 wh | (A8)
By substituting § into the equation of motion,
awt w
MHigh Field (T )? = — €High Field (7)™ wy (A9)
becomes
dwh _ €High Field(T) (1 —nfo) Shom " wy + ngo (*Shom)/w wy (A10)
dt MHigh Field (T) (1 = nfo)* + (ngo)*

In the case of the low-intensity limit, the charge-to-mass ratio should be eigh Field/ " High Field =

e/my = 1.75 x 10'! [C/kg]. How is it in the case of high-intensity fields? By transforming
Eq. (A10),

o _ 8 (= nfo) x L + 8 x fuan] + ngo € fo)

dr O (1—nfp)* + (ng0)* — 270 (1 — nfo) § 45

Following Sect. 2.1, we choose the relation 7 fy, ngo; /0 x t9d E/d7 is sufficiently smaller than

(A11)

unity and E and ® are of the same order of the magnitude. By this choice we can reduce this
equation as

dw' B g2 E g2 d*wh B2
- A&~ — X H — X e — X s — X T -
mo dt o) SJex" + o) fLap IR Jex" + 2) moTo 472 + 2)
dw® dwP
AL AT (A12)

2 8P Tae
Therefore, the Larmor radiation formula obtains the correction factor of 22/ ©:

dw oh dw® daw?
— = —— X MT08up—— ——- (A13)
dt |High Field e dt drt
Following the QED-based synchrotron radiation formula,
dw dw
— =q(x) x — ; (Al4)
dt |High Field dt |Classical

9V3 [ o0
q(x) = Q/O drr [/ dr’ Ks;3 (r') + x*rry K3 (rx)} , (A15)
Tx

2/® =q(x). In Eq. (Al12), E/O® X fex should be fu in the

we can find the candidate E
QED-Sokolov model, ® = E. Therefore, we can propose the relation ® = E = epjgh Field/

MHigh Field = ¢/mo and the equation of a radiating electron’s motion,

dw' e (1= 1nfo) Shom" wy + 180 (“Fhom)"" wy

dt mg (1 = nfo)* + (ngo)?

(A16)

16 This order cut-off is important for the stability of the new equation. See Sects. 3.1 and 3.2.

15/18

STOZ ‘ST J8GORO U0 NsaInong HH-N 41 - BANINH BLOH eeaonN aLeuibu| §ediziH nijued aoN| e /B10'seuino fp.ojxo'deidy/:diy wouy pepeojumoq


http://ptep.oxfordjournals.org/

PTEP 2015, 103A01 K. Seto

Conversely, the choices of ® = E and E = ¢(x) satisfy the relations 7fp, ngo << 1, and E/® X
|tod E/dt| << 1.

Appendix B. Errata of K. Seto, Prog. Theor. Exp. Phys. 2015, 023A01 (2015) [10]
Strictly speaking, Eq. (1) should be

dw' z=1 e [(1—nfo) " + ngo "] Wy E1)

dt mo (1 —nfo)* + (ngo)?

69
1

for connecting from Eq. (44) or Eq. (A16). Here, § = Fhomlz=1 = Fex + FLAD € VM"* @ V™.
Normally, |1 — nfol >> |ngo|is satisfied, and Eq. (B1) is transformed as follows under this condition:

dwh == e I+ B (Y e
= _ 10 . wy=——— [g«uv + 1go (*S)II-U] w, 4o
dt mo(l —nfo) 14 (0" mo (1 = nfo)
(1=nfo)*
(B2)
This is the Eq. (1) derived in Ref. [10]. However, in the strict order expansion, it should be
awh g=
w L,El _ e {S’””wv +O( ngo ) (B3)
dr mo (1 — nfo) 1 —nfo

In this form, the analysis of run-away avoidance in Ref. [10] becomes easier,!” and the numerical
calculation almost agrees since |§*"| >> |ngo (*{3’)’”| is satisfied. We suggested the anisotropy of
the QED vacuum. We can confirm the anisotropic field *§ in the form of Eq. (B1), but it does not
exist in (B3). The higher orders of ngo / (1 — nfo) describe the degree of anisotropy of the QED
vacuum.

Appendix C. The details of Eq. (35)
From Eq. (34),

6262 6262
aw' dw’ 7y S (L= 1fo)’ nfo+ 255 (1= nfo) (ng0)?

dr dr  mo (1 = nfo)* + (ngo)?|
LT S [ = nfo) f& + ngo* fex] [ (1 = nf0) fex” + ngo* fex"] 1)
3 .
o (1= nf0)* + (1g0)?|
We consider this equation under the condition of Eq. (32):
physical

requirements

1 —njo > 0. (C2)

17 For considering Eq. (B2), we only put the relation gy = 0 in Sect. 3 in Ref. [10] and any anisotropy
vanishes.
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This condition supports the relation (1 — 7f)> + (ngo)> > 0. Considering the above, we can proceed
to consider the absolute value of Eq. (C1):

i dn’ |z Ge (= nfo) Infol + 255 (1 = nfo) (ngo)?

mot8uv —_—

dr dr | mo (1= nfo)? + (ng0)?[*
+ o |g/tv [(1 — /o) fex" +ngo (*fex)ﬂ] [(1 — /o) fex” + ngo (*fex)v”
mo (1= nf0) + (02|

(1 — nfo)? Infol + 26 < (1= nfo) (ngo)>

N m_o (1- nfo>4
L0 J8u [ =nfo) fext 4 ngo * fe) "] [(1 = o) fex” + mg0 C fe)"]|
mo (= nfo)t
- E % nfol TO 717 E |guvfexufexv|

Tmo (1—nfe)> mo (1—nfo)}  mo (1-nf)?

210 Ingol  Xlguvfex Cfe” | | 10 mgo  [guvfex" (" fex)"]
mo L=nfo  (1=nfo) mo 1=nfo  (1—nfo)?

(C3)

Finally, O (|go]) < O (I fo|) is satisfied in the case of run-away, and we can obtain the relation of
Eq. (35):

dwh dw" | run—away T e?c? [nfol 70 2e%c? 1 (nfO)z
=0 .
dr drt mo 2n (1—nfp)® mo Tn 1—nfo (1—nfy)?

mot8uv—_—

To ’guvfexufexv’ % nfol X ‘guvfexﬂ (*fex)‘}’

_|_
mo (1—nfp)> — mo 1—=nfo (1 —nfo)?

70 ngo {guvfexu (*fex)v|
+— C4
mo (I —nfo?  1—nfo €4
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